Abstract. For a quasi-projective demi-normal pair (X, ∆), we prove that there exists a semi-canonical modification and a semiterminal modification of (X, ∆).
It is a very classical result that for a normal algebraic surface X there exists a minimal resolution π : Y → X. The morphism π is a projective and birational morphism such that Y is smooth (i.e., Y has terminal singularities) and there is no (−1)-curve over X (i.e., K Y is nef over X). This result is generalized in [BCHM10] ; for any normal variety X there exists a terminal modification π : Y → X. More precisely, the morphism π is a projective and birational morphism such that Y has terminal singularities and K Y is nef over X. On the other hand, in [KSB88, §4] , it is known that for any demi-normal (see Definition 2.2) surface there exists a minimal-semi-resolution π : Y → X. The morphism π is a projective and birational morphism such that Y is semi-smooth (see Definition 2.1), π is an isomorphism outside a finite set over X and is an isomorphism at any generic point of the double curve D Y of Y , and there is no (−1)-curve on the normalization of Y over X (this implies that K Y is nef over X).
In this article, we consider the reducible version of terminal modifications of normal varieties. In other words, we consider the higherdimensional version of minimal-semi-resolutions of demi-normal surfaces. We introduce the notion of semi-terminal. This notion is a direct generalization of semi-smooth surface singularities (see Definition 2.3 (2) and Example 2.5 (3)). The following is the main result of this article (for the definitions of semi-canonical modification and semi-terminal modification, see Definition 2.6).
Theorem 1.1 (Main Theorem). Let (X, ∆) be a demi-normal pair.
(We do not assume that K X + ∆ is Q-Cartier.)
(1) There exists a semi-canonical modification f sc : X sc → X of (X, ∆) and is unique.
(2) If X is quasi-projective, then there exists a semi-terminal modification f st : X st → X of (X, ∆). Moreover, the morphism f st may be chosen to be projective.
Remark 1.2. If (X, ∆) is a normal pair, then Theorem 1.1 is obtained by [BCHM10] . If X is a demi-normal surface and ∆ = 0, then Theorem 1.1 is obtained by [KSB88, §4] .
Remark 1.3. There are many semi-terminal modifications for a given non-normal demi-normal pair (X, ∆). For example, let X := (x 1 x 2 = 0) ⊂ A 3 and let π :X → X be the blowing up at the origin. Then the pairs (X, 0) and (X, 0) are semi-terminal and KX is nef over X. Hence both the identity morphism and π are semi-terminal modifications of (X, 0). Therefore, for a demi-normal surface X, the notion of semi-terminal modification of (X, 0) is much weaker than the notion of minimal-semi-resolution of X. Now we organize the strategy of the proof of Theorem 1.1. For Theorem 1.1 (1), the argument is essentially same as that of [OX12] ; taking the normalization, taking the canonical modification and gluing along the conductor divisors. For a demi-normal pair (X, ∆), the authors of [OX12] remark that if K X + ∆ is not Q-Cartier then the semi-logcanonical modification of (X, ∆) does not exist in general (see [Kol13, Example 1.40] and [OX12, Example 3.1]). However, we remark that Theorem 1.1 (1) says that for every demi-normal pair (X, ∆) (without the assumption K X + ∆ is Q-Cartier), there exists the semi-canonical modification of (X, ∆).
The strategy of the proof of Theorem 1.1 (2) is the following. First, for a given demi-normal pair (X, ∆), we take a semi-log-resolution Y → X. Then we run a MMP with scaling over X for reducible varieties. It is known that the Contraction theorem for semi-log-canonical pairs was established in [Fuj12] . However, as in [Fuj12, Example 5.4] , no possible minimal model program for reducible varieties has been known in general (at least in absolute setting). Our strategy is taking the semi-canonical modification instead of taking the flip for the contraction morphism. Then the program can be run in this case. Finally, we decompose each step of the program and show that the program terminates (cf. [Fuj07, §4.2]). This is the strategy of the proof of Theorem 1.1 (2). fumi Mori, Shigeru Mukai, Noboru Nakayama, Osamu Fujino, Masayuki Kawakita and Stefan Helmke for comments during the seminars in RIMS. Especially, Professor Masayuki Kawakita helps the author for improving the notion of "semi-terminal" and Professor Osamu Fujino helps the author for improving the proof of Lemma 3.4. The author learned the theory of demi-normal varieties from Professor János Kollár during the author visited Princeton University. The author is partially supported by a JSPS Fellowship for Young Scientists.
Throughout this paper, we will work over the complex number field C. In this paper, a variety means a reduced algebraic (separated and of finite type) scheme over C. For a morphism f : Y → X between equidimensional varieties, the morphism f is said to be an isomorphism in codimension 1 over X if there exists an open subscheme U ⊂ X such that codim X (X \ U) ≥ 2 and f : f −1 (U) → U is an isomorphism. For a variety X, the normalization of X is denoted by ν X :X → X. For the theory of minimal model program (MMP, for short), we refer the readers to [KM98] and [Kol13] .
Preliminaries
In this section, we collect some basic definitions and results.
Definition 2.1.
(1) Let X be a variety and let x ∈ X be a closed point. We say that x ∈ X is a double normal crossing (dnc, for short) point ifÔ
(2) A variety X is said to be a double normal crossing variety (dnc variety, for short) if any closed point x ∈ X is either smooth or dnc point; a semi-smooth variety if any closed point x ∈ X is one of smooth, dnc or pinch point, respectively.
(1) Let X be an equidimensional variety. We say that X is a demi-normal variety if X satisfies Serre's S 2 condition and is dnc outside codimension 2.
(2) For an equidimensional variety X, if X is dnc outside codimension 2, then there exists a unique finite and birational morphism d : X d → X such that X d is a demi-normal variety and d is an isomorphism in codimension 1 over X. We call d the deminormalization of X. (3) Let X be a demi-normal variety and let ν X :X → X be its normalization. Then the conductor ideal of X is defined by
This can be seen as an ideal sheaf condX onX. Let D X := Spec X (O X / cond X ) and DX := SpecX(OX / condX). We call D X (resp. DX ) as the conductor divisor of X (resp. ofX/X). It is known that both D X and DX are reduced and of pure codimension 1. Moreover, for the normalization ν DX :DX → DX, we get the Galois involution ι X :DX →DX defined by ν X .
Definition 2.3.
(1) The pair (X, ∆) is said to be a demi-normal pair if X is a demi-normal variety and ∆ is a formal Q-linear combination ∆ = (2) Assume that the pair (S, 0) does not have terminal singularities. Then there exists an exceptional divisor E S over S such that a(E S , S, 0) = 0 by (1). We note that codim Y Z ≥ 3, where Z := center S E S . By adjunction,
holds. Moreover, by the fact that the pair (Y, ∆ + S) is semi-terminal, the right-hand of the above inequality is positive. However, the lefthand of the above inequality is less than or equal to a(E S , S, 0) = 0. This leads to a contradiction. Thus the pair (S, 0) has terminal singularities.
Example 2.5.
(1) [KM98, Corollary 2.31] If (X, ∆) is a normal pair such that X is a smooth variety and Supp ∆ ⊂ X is a smooth divisor, then the pair (X, ∆) is semi-terminal. (2) If (X, ∆) is a demi-normal pair such that X is a semi-smooth variety, Supp ∆ is contained in the smooth locus of X and Supp ∆ is a smooth divisor, then the pair (X, ∆) is semi-terminal by (1). (3) [KSB88, Proposition 4.12] Let X be a demi-normal surface and x ∈ X be a closed point. The pair (X, 0) is semi-canonical around x if and only if x ∈ X is either smooth, du Val, dnc or pinch point. The pair (X, 0) is semi-terminal around x if and only if X is semi-smooth around x. Thus the notion of semiterminal singularities is a direct generalization of the notion of semi-smooth surface singularities.
Definition 2.6. Let (X, ∆) be a demi-normal pair and let f : Y → X be a proper birational morphism such that Y is a demi-normal variety, f is an isomorphism in codimension 1 over X and f is an isomorphism around any generic point of
(1) The morphism f is said to be a semi-canonical modification of (X, ∆) if (Y, ∆ Y ) is semi-canonical and K Y + ∆ Y is ample over X. Furthermore, if X (and also Y ) is a normal variety, then such f is called a canonical modification of (X, ∆). (2) The morphism f is said to be a semi-terminal modification of (X, ∆) if (Y, ∆ Y ) is semi-terminal and K Y + ∆ Y is nef over X.
Semi-canonical modifications
The following lemma and proposition are proven essentially same as [OX12, Lemma 2.1 and Proposition 2.2]. 
Therefore a canonical modification of (X, ∆) is unique.
We recall the results in [BCHM10] . The following lemma is well-known. As a corollary, we get the following theorem of [BCHM10] . We give a proof for the reader's convenience. We remark that this theorem is a direct consequence of [BCHM10, Corollary 1.4.2 and Lemma 3. Proof. By Proposition 3.2, we can assume that X is quasi-projective. Letf :Ỹ → X be a projective log resolution of (X, ∆) such that Supp ∆Ỹ ⊂Ỹ is a smooth divisor, where ∆Ỹ :=f −1 * ∆. Then the pair (Ỹ , ∆Ỹ ) is Q-factorial and has canonical singularities. Hence the set of lc centers of (Ỹ , ∆Ỹ ) is equal to the set of irreducible components of ⌊∆Ỹ ⌋. By Lemma 3.4, any irreducible component of ⌊∆Ỹ ⌋ is not contained in B + (∆Ỹ /X). Thus we can run (KỸ + ∆Ỹ )-MMP with ample scaling over X and induces a good minimal model over X by Theorem 3.3. Hence there exists the canonical model Y of (Ỹ , ∆Ỹ ) over X. By Lemma 3.1, the morphism Y → X is the canonical modification of (X, ∆). Proof. By Remark 2.4, the pair (S Y , 0) has canonical singularities (in particular, S Y is normal) and
Thus the morphism fS is the canonical modification of (S, 0).
Lemma 3.7 (cf. [OX12, Lemma 3.1]). Let (X, ∆) be a demi-normal pair.
(
1) A semi-canonical modification of (X, ∆) is unique, if exists.
(2) Let f : Y → X be the semi-canonical modification of (X, ∆), let ν Y :Ȳ → Y and ν X :X → X be the normalizations and let f :Ȳ →X be the morphism obtained by f . Then the morphism f is the canonical modification of (X, ∆X + DX ), where ∆X := (ν X ) −1 * ∆ and DX is the conductor divisor ofX/X. Proof. Let f : Y → X be a semi-canonical modification of (X, ∆).
is ample over X and the pair (Ȳ , ∆Ȳ + DȲ ) has canonical singularities. Hence the morphismf is the canonical modification of (X, ∆X + DX). Thus we get (2) andȲ is unique. On the other hand, the Galois involution ι X :DX →DX is extended to ι : DȲ → DȲ uniquely, whereDX is the normalization of DX. Thus the quotientȲ → Y by ι is unique by [Kol13, Proposition 5.3].
Theorem 3.8 (=Theorem 1.1 (1)). For any demi-normal pair (X, ∆), the canonical modification of (X, ∆) exists and is unique (up to isomorphism over X).
Proof. Let ν X :X → X be the normalization and let ∆X := (ν X ) −1 * ∆. By Theorem 3.5, there exists the canonical modificationf :Ȳ →X of (X, ∆X + DX). Set ∆Ȳ :=f −1 * ∆X and DȲ :=f −1 * DX. By Proposition 3.6, the morphismfDX : DȲ →DX is the canonical modification of (DX, 0), whereDX is the normalization of DX. Hence the involution ι X :DX →DX can be extended to the involution ι : DȲ → DȲ . Since KȲ + ∆Ȳ + DȲ is ample over X, there exists a semi-canonical pair (Y, ∆ Y ) over X such that the normalization of Y and DȲ is exactly same as the conductor divisor ofȲ /Y by [Kol13, Corollary 5.37, Corollary 5.33 and Theorem 5.38]. The morphism Y → X is exactly the semi-canonical modification of (X, ∆).
Semi-terminal modifications
In this section, we prove Theorem 1.1 (2). Let (X, ∆) be an arbitrary quasi-projective demi-normal pair. We show that there exists a projective semi-terminal modification of (X, ∆). We fix a Cartier divisor H on Y which is ample over X such that
4.2.
Running a reducible MMP with scaling. In this section, we will construct inductively the following (for i ≥ 0):
(1) Projective and birational morphisms
over X such that all of them are isomorphisms in codimension 1 over its images and are isomorphisms at all generic points of the conductor divisors. (ii) The following holds.
The morphism π i is the contraction morphism associated to a (
is the strict transform of ∆. (iv) The following holds:
Construction. Set Y 0 := Y and H 0 := H. Assume that we have constructed Y i and H i (and also λ i−1 , l i−1 and
is nef over X, then we stop the program and go to Section 4.5.
We consider the case that
, and we can get the contraction morphism over X with respect to R i by [Fuj12, Theorem 1.19]. In particular, λ i is a rational number. Let π i : Y i → W i be the corresponding contraction morphism over X. The morphism π i is a projective and birational morphism. Since (
is the strict transform of ∆. (We note that π + i exists and is unique by Theorem 1.1 (1).) We take a Q-divisor H i+1 on Y i+1 such that the following holds:
Proof of Claim 4.1. LetȲ i ,W i be the normalization of Y i , W i , respectively. We note thatW i is equal to the normalization of
be the morphisms obtained by π i and π + i . Since the pair (Y i+1 , ∆ i+1 ) is semi-canonical, it is enough to show that the pair (Ȳ i+1 , B i+1 ) is semi-terminal, where B i is the sum of DȲ i and the strict transform of ∆ i . We know that −(KȲ i + B i ) is ample overW i and KȲ i+1 + B i+1 is ample overW i . Take any exceptional divisor E overȲ i+1 such that a(E,Ȳ i+1 , B i+1 ) = 0 holds. It is enough to show that centerȲ i+1 E ⊂ ⌊B i+1 ⌋ and codimȲ i+1 (centerȲ i+1 E) = 2. Assume that eitherπ i orπ In Section 4.3, we prove the following claim. 
Then we have the following results: 
(4) Assume that the sequence
terminates. In other words, Now we prove (2) and (3) by induction on j. Let λ i,j be the righthand of the equality in (3). We consider the case j = 0. By (iv) in Section 4.2, L i,0 is isomorphic to
Thus we prove (2) for the case j = 0 since
On the other hand,
Thus we prove (3) for the case j = 0.
We consider the case j ≥ 1. Since the inverse of the birational map Z i,j−1 Z i,j does not contract divisors, we prove (2) by induction. We note that L i,j is nef over X since L i is nef over X. Thus λ i,j ≤ λ i holds. On the other hand, we know that
Thus λ i,j ≥ λ i holds. Therefore we prove (3).
Assume that the MMP 
holds, where
* L i to Z i+1,0 , respectively. Hence H i+1,0 ∼ Q (ν Y i+1 • φ i+1 ) * H i+1 holds. Thus we prove (4).
Therefore, by Claim 4.2, if we assume the termination of the sequence in (4), then we can inductively construct the diagram N 1 (Z i,j /W i ) ֒→ N 1 (Z i,j /X), the cone NE(Z i,j /W i ) is an extremal face in NE(Z i,j /X). Hence the extremal ray R i,j ⊂ NE(Z i,j /W i ) can be seen as a (K Z i,j +B i,j )-negative extremal ray R ∆ m ) is semi-terminal, the morphism f m is an isomorphism in codimension 1 over X and is an isomorphism at any generic point of D Ym by construction. Therefore the morphism f m is a semi-terminal modification of (X, ∆).
As a consequence, we have completed the proof of Theorem 1.1 (2).
